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Abstract
In this paper we prove that there exists an explicit correspondence between the radially symmetric solutions of two well-known
models of nonlinear diffusion, the porous medium equation and the p-Laplacian equation. We establish exact correspondence
formulas between these solutions. We also study in detail the application of the results in the important case of self-similar solutions.
In particular, we derive the existence of new self-similar solutions for the evolution p-Laplacian equation.
© 2007 Elsevier Masson SAS. All rights reserved.
Résumé
Dans cet article nous montrons l’existence d’une correspondance explicite entre les solutions radialement symétriques de deux
modèles bien connus de diffusion non linéaire : l’équation des milieux poreux et l’équation d’évolution p-laplacienne. Nous
établissons des formules exactes de correspondance entre ces solutions. Nous étudions en détail l’application des résultats dans
le cas important des solutions autosimilaires. En particulier, nous dérivons l’existence de nouvelles solutions autosimilaires pour
l’équation d’évolution p-laplacienne.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction
The theory of nonlinear diffusion equations has been widely investigated in the last decades both for the great
number of applications it has in the fields of fluid mechanics, heat propagation, mathematical biology, population
dynamics and differential geometry, and for the mathematical interest, combining the theory of nonlinear evolution
PDEs with geometry, dynamical systems and other areas of applied mathematics. The systematical study of these
equations started only in the 1970s, thanks to the advances realized by nonlinear functional analysis and the theory of
semigroups.
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posed in Rn, written as
ut = 
(|u|m−1u), m > 1, (1.1)
since we want to consider also changing sign solutions, and the evolution p-Laplace equation, shortly PLE, posed
in Rn written as
ut = div
(|∇u|p−2∇u). (1.2)
In the PME case, we will consider also the fast-diffusion case, where m ∈ (0,1). Obviously, for m = 1 we recognize
the well-known heat equation, which in fact has quite different properties from the two nonlinear ranges, m > 1
(usually called slow diffusion) and m < 1. The limit case m = 0, called logarithmic diffusion, has recently received
much attention in connection with two-dimensional Ricci flow. In the PLE case, p ranges in the interval (1,∞). In
this case we find the heat equation for p = 2 and again the properties of the solutions are quite different in the ranges
p > 2 and 1 < p < 2.
There are a number of applications where these simple models appear naturally. For the porous medium equation,
probably the most important are the flow of an isentropic gas through porous medium, the heat radiation in plas-
mas and the problem of groundwater infiltration. Many other applications has been proposed, such as in simplified
thin film equations, population dynamics, and so on. A detailed reference to the applications of the PME can be
found in the recent book [33]. Naturally, the PLE also has a number of applications, for instance in the mechanics of
non-Newtonian fluids, [25]. The limit case p = 1 has a particular importance in the treatment of images, cf. [1]. From
the mathematical point of view, there are a number of books and papers dedicated to these models. The book [33]
concentrates on the PME, [14] treats also the more general filtration equation, in [34] the fast-diffusion case m < 1
is treated in detail concerning questions like nonexistence, nonuniqueness and extinction. On the other hand, the
book [12] treats the PLE and other variations, while self-similarity and asymptotics are treated in [34]. Those books
contain extensive references to early or recent work.
Equivalence for radial solutions. Let us turn to the motivation and contents of the present paper. It has been observed
since many years that the theory of the two equations we consider has many parallel results, concerning the finite speed
of propagation in the case of slow diffusion, the asymptotic behaviour of the general solutions, and the existence of
some special solutions, called self-similar solutions, which play such an important role in the theory, cf. for instance
[12,32,36].
Maybe the clearest connection between both equations takes place in space dimension n = 1 where the PLE is
obtained through a formal integration of the PLE, see for example [9]:
u¯(x, t) =
x∫
−∞
u(s, t)ds + c, (1.3)
where u¯ represents a solution of the PLE, u is a solution of the PME and c is an arbitrary constant.1 In this paper
we extend the equivalence of both equations to arbitrary dimensions under the condition of radial symmetry. We will
work for convenience in the ranges m > 0 and p > 1, though extensions to m 0 and p  1 are interesting and have
appeared in the recent literature.
We make two remarks before presenting the statements: first, in all this paper we consider that the range of the
dimensions is continuous. Although from the physical point of view this does not make sense if the dimension is not
an integer, in the setting of radial solutions this can be allowed, since the dimension appears only as a parameter in
the radial formulation of the equations; we will only restrict it to be positive. Second, we will use in all the text the
notation with bar for variables or parameters in the PLE case. Thus, we will denote by r = |x| in the PME case and
r¯ = |x| in the PLE case.
The analysis will be different in dimensions 0 < n < 2 and in dimensions n > 2 in the PME case. The main results
of the paper are:
1 We do not need to start integrating from x = −∞, but then the integrand is more complicated, cf. [29], pp. 144–145.
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through the following transformation:
u¯r¯ (r¯, t) = D1r 2n−2m+1 u(r, t), D1 =
(
(mn − n+ 2)2
m(m + 1)2
) 1
m−1
, (1.4)
where the correspondence of the parameters is
p = m+ 1, n¯ = (n− 2)(m+ 1)
n− mn− 2 (1.5)
and the independent variables are related by r¯ = r(mn−n+2)/(m+1).
Note that now n¯ is a monotone decreasing function of n for fixed m, and ranges from p = m+ 1 to 0 while n goes
from 0 to 2.
Theorem 1.2. Suppose 2 < n < ∞. Then the radially symmetric solutions u and u¯ of the PME, resp. PLE, are related
through the following transformation:
u¯r¯ (r¯, t) = D2r 2m+1 u(r, t), D2 =
(
(2m)2
m(m+ 1)2
) 1
m−1
, (1.6)
where the correspondence of the parameters is
p = m+ 1, n¯ = (n− 2)(m+ 1)
2m
(1.7)
and the independent variables are related by r¯ = r2m/(m+1).
In this case n¯ is a linear increasing function of n for fixed m, and ranges from 0 to infinity while n goes from 2 to
infinity.
Further remarks. (i) For n = 1 we recover the already known equivalence transformation (1.3). Note that the radiality
condition is not needed.
(ii) For n = 2, the previous formulas formally give n¯ = 0 and the correspondence relations are identical in both
cases. If the dimension n¯ = 0 is accepted, the proofs of the main results and all the calculations are similar, but we
will not go into this case because we think it brings nothing new.
(iii) We stress the fact that in general the correspondence implies change of the spatial dimension. Indeed, dimen-
sion is conserved in the first branch only if n = 1, and in the second if m = ms := (n − 2)/(n + 2). Moreover, for
every m > 0 there are two options for the equivalence maps from PME into the same PLE, and that will give rise to a
self-map of the PME, that we describe in Section 3. These branches are represented in Fig. 1.
Fig. 1. The dependence of n¯ on n, for m = 3.
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self-similar type. This is important in the theory since it is well-known that self-similar solutions play a fundamental
role in discovering the main properties to be expected from the theory of nonlinear equations with good scaling
properties, and, once identified, they are used in describing the main qualitative and asymptotic results for wide classes
of general solutions. On the other hand, the motivation for the discovery of the above transformations came from the
study of self-similar solutions, as reported in [31]. More precisely, the phase-plane analysis of the self-similar solutions
that we will present in Section 4 was the way to identify the curious values of the exponents in the transformations
of Theorems 1.1 and 1.2. For the PME there several known fundamental families of self-similar solutions. Maybe
the most important one is formed by the Barenblatt solutions, discovered independently by Barenblatt in [5] and by
Zeldovich and Kompaneets in [37], which are:
BC(x, t) = t−α
(
C − k
( |x|
tβ
)2) 1
m−1
+
, (1.8)
where C > 0 is a free parameter, and α, β and k has precise values,
α = n
n(m− 1)+ 2 , β =
1
n(m− 1)+ 2 , k =
m− 1
2(n(m − 1)+ 2) . (1.9)
Note that this definition applies for m > mc := (n − 2)/n. There is a similar family for m < mc but the form and the
properties are quite different, cf. [34] and [13]. For the PLE there is an equivalent family of self-similar solutions,
called also Barenblatt for being similar to the first ones, and having the explicit form:
UC(x, t) = t−α
(
C − k
( |x|
tβ
) p
p−1) p−1p−2
+
, (1.10)
where the constants are,
α = n
n(p − 2)+ p , β =
1
n(p − 2)+ p , k =
p − 2
p
β
1
p−1 . (1.11)
A second family consists of the dipole-type solutions, discovered by Barenblatt and Zeldovich in [8] and generalized
by J.R. King in [22], and having the explicit form:
ZC(x, t) = t−αU(xt−β), U(η) = ±|η| 2−nm
(
C − m− 1
2(n(m − 1)+ 2) |η|
n+ 2−n
m
) 1
m−1
+
, (1.12)
where the exponents are α = 1
m
, β = 12m independently on the dimension. These solutions coincide with the Barenblatt
solutions for n = 2 and become singular at x = 0 for n > 2. We will discuss below what is the equivalence of this
family for the PLE. We will also call in the sequel the constant C appearing in the definitions of these particular
solutions as their free parameter.
All these solutions are particular cases of the general class of self-similar solutions, which will be our main
application topic in this paper. Self-similar solutions are broadly defined as those solutions u(x, t) whose space profile
u(·, t) is independent of time bur for a possible time-dependent scaling (or zoom) in the variables u and x. It is well
known (see [33, Chapter 16] for a proof in the PME case) that for our equations the self-similar solutions can take one
of the three following forms: ⎧⎨
⎩
u(x, t) = t−αf (xt−β),
u(x, t) = (T − t)αf (x(T − t)β),
u(x, t) = e−αtf (xe−βt ),
(1.13)
that will call self-similar solutions of type I, II and III respectively. It is often said that type I describes forward
self-similarity. The importance of these types of solutions lies in the fact that they usually describe the large-
time asymptotic behaviour of general compactly supported solutions. Type II receives also the name of backward
self-similarity; they are called in geometry ancient solutions since they exist since t = −∞ but not necessarily for all
positive times. Precisely, they are often used to describe phenomena of extinction (cf. [34]) or blow-up (in reaction
diffusion equations, cf. [30]). The solutions of type III, also called exponential self-similarity, are important in the
critical fast-diffusion case (cases m = mc := (n− 2)/n and p = pc := 2n/(n + 1) below).
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classifying all the self-similar solutions of the two equations started, see for example [17,18,16,35,19,20,2,3,33] for
the PME and fast-diffusion and, more recently, the works [10] and [11] for the PLE.
The results apply to the three types of self-similarity, and we will use in the sequel a parameter ε to select the type
of solutions: indeed, ε = 1 for solutions of type I, ε = −1 for solutions of type II and ε = 0 for solutions of type III. As
we have already said, the next theorem was the first step to arrive to the general correspondence of the radial solutions.
Theorem 1.3. (i) The analysis of the radial self-similar solutions for the PME (when m = 1) and for the PLE
(when p = 2) can be reduced to the analysis of a particular case of the autonomous ODE system:{
Ψ˙ = ΨΦ,
Φ˙ = c1Φ2 − c2ΨΦ − c3Φ + εΨ + sgn(b), (1.14)
where the coefficients c1, c2, c3 and b are explicit functions of m, n, β in the PME case, respectively of p, n¯ and β¯ in
the PLE case. The variables Φ and Ψ are given by explicit expressions in terms of η, f , f ′, respectively η¯, f¯ , f¯ ′.
(ii) If n = 2, the correspondence is exact if the following equalities between the parameters hold:
p = m+ 1, n¯ = (n − 2)(m+ 1)
n − 2 − mn , β¯ =
mn − n+ 2
m+ 1 β, α¯ =
(mn − n+ 2)α − nε
2
, (1.15)
if 0 < n < 2, or
p = m+ 1, n¯ = (n − 2)(m + 1)
2m
, β¯ = 2m
m+ 1β, α¯ = mα − ε, (1.16)
if n > 2.
This result was announced in [31]. The variables η and η¯ in part (i) stand for |x|t−β in type I, for |x|(T − t)β in
type II and for |x|eβt in type III, while over-dot in (1.15) indicates derivative with respect to a re-parametrization of η
that may depend on the orbit.
The rest of the paper will be devoted to applications of our results. We first deduce, in the particular case of the
self-similar solutions, an improvement of the correspondence relations, by obtaining an explicit expression of the PLE
profile f¯ as a function of the PME profile f and its derivative f ′ (see Section 5). Next, we translate all that it is
known in the case of one of the equations into the other via simple and direct calculations. In this way, in Section
6, as an important application, we obtain a Hulshof-type sequence of solutions (see [19,20] and the definition at the
beginning of Section 6) in the PLE case, in particular obtaining new solutions of dipole-type for the PLE, which,
differently from the well-known PME case (1.12), are not explicit. In the PME case, these solutions exist in the case
0 < n < 2 and have physical sense only for n = 1, but in the PLE case they exist in 0 < n¯ < p and have physical sense
for many dimensions. On the other hand, in Section 8, dedicated to the fast-diffusion case, after obtaining a similar
Hulshof-type sequence in the supercritical case, we derive a new branch of solutions of the PLE with anomalous
exponents and having optimal decay at infinity in the subcritical case, corresponding to the branch of solutions of the
PME from [28] and [34].
2. Proof of equivalence for radial solutions
Suppose that u(r, t) is a radially symmetric solution of the PME. It satisfies:
ut = r1−n ∂
∂r
(
rn−1|u|m−1ur
)
. (2.1)
Similarly, a radially symmetric solution u¯(r¯, t) of the PLE satisfies:
u¯t = r¯1−n¯ ∂
∂r¯
(
r¯ n¯−1|u¯r¯ |p−2u¯r¯
)
. (2.2)
(i) Suppose that 0 < n < 2, u is a radially symmetric solution of the PME and u¯ given by (1.4). Using the transfor-
mations in (1.5), we obtain:
r¯ n¯−1|u¯r¯ |p−2u¯r¯ = Dm|u|m−1u,1
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r¯1−n¯ ∂
∂r¯
(
r¯ n¯−1|u¯r¯ |p−2u¯r¯
)= m+ 1
mn− n + 2D
m
1 r
n−1(|u|m−1u)
r
. (2.3)
Note that since 0 < n < 2 and m > 0, we have mn − n + 2 > 0. On the other hand, by differentiating with respect to
time in (1.4), we obtain that
u¯r¯,t = D1r 2n−2m+1 ut .
Hence, in order to finish the proof of Theorem 1.1, we have to differentiate again with respect to r¯ in (2.3). After a
straightforward calculation, we obtain:
∂
∂r¯
(
r¯1−n¯ ∂
∂r¯
(
r¯ n¯−1|u¯r¯ |p−2u¯r¯
))= D1r− (n−1)(m−1)m+1 ∂
∂r
(
rn−1|u|m−1ur
)= D1r 2(n−1)m+1 ut .
We deduce that u¯ is a radially symmetric solution of the PLE. The converse correspondence is similar.
(ii) In the case 2 < n < ∞, we perform analogous calculations. To begin with, we have:
r¯ n¯−1|u¯r¯ |p−2u¯r¯ = Dm2 rn−2|u|m−1u,
hence
r¯1−n¯ ∂
∂r¯
(
r¯ n¯−1|u¯r¯ |p−2u¯r¯
)= m+ 1
2m
Dm2 r
3−n ∂
∂r
(
rn−2|u|m−1u). (2.4)
As in the first case, by differentiating with respect to time in (1.6), we find:
u¯r¯,t = D2r 2m+1 ut .
Hence, we have to differentiate again in (2.4) with respect to r¯ . After performing straightforward calculations,
we arrive to
∂
∂r¯
(
r¯1−n¯ ∂
∂r¯
(
r¯ n¯−1|u¯r¯ |p−2u¯r¯
))= D2r (1−n)(m+1)+2m+1 ∂
∂r
(
rn−1|u|m−1ur
)= D2r 2m+1 ut .
This shows that u¯ is a solution of the PLE. The converse correspondence is similar.
We remark a common feature of both cases: since at the final step we have to integrate, from a single solution
of the PME we obtain through these correspondence relations not a single solution of the PLE, but any solution of
the form u¯ + C, with C ∈ R. Of course, invariance under addition of a constant is a well-known property of the
solution set of the PLE. The previous computations are true at the formal level, in particular when the solutions of
the PME are C2, which happens whenever u = 0. The conclusion extends to the more general class of weak solutions
(with Cα regularity for the PME and C1,α for the PLE). It is also valid for more general solutions with some types
of singularities. We will refrain at this point from entering into the cumbersome question of justification. Instead, the
analysis of the classes of self-similar solutions will allow us to consider the most important types of non-classical
solutions.
3. Inverting the correspondence. Self-maps
If we want to go back from the PLE to the PME, we see from Fig. 1 that for any dimension n¯ > 0 and p = pc ,
there are for most m’s two possible values of n, denoted by n1 and n2 and related by the formula:
1
n1 − 2 +
1
n2 − 2 =
1 −m
2m
. (3.1)
Note that both branches coincide when n1 = n2 = 2; on the other hand, n2  2(1 + m) corresponds to n1  0, which
we do not consider. We conclude that given m > 0 there is a self-map of the PME given by change of dimension
defined for n1 ∈ (0,2) with values 2 < n2 < 2(m+ 1). The formula is:
n2 = 2 + (2 − n1)2m2 +mn1 − n1
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branches is (0,p). The self-map for the PME has been remarked also by J. King in [23] and [24]. We derive the explicit
correspondence between the radially symmetric solutions in dimensions n1 and n2. By equating the correspondence
relations of the independent variables r1 and r2 with the same r¯ , we obtain that
r2 = r
mn1−n1+2
2m
1 .
On the other hand, by equating the correspondences between u and u¯ in dimensions n1 and n2, we have:
D2r
2
m+1
2 u2(r2, t) = D1r
2n1−2
m+1
1 u1(r1, t).
hence
u2(r2, t) = D1
D2
r
n1−2
m
1 u1(r1, t), (3.2)
where we denote by ui the solution in dimension ni , i = 1,2. We will exemplify the way this transformation act in
the case of self-similar solutions, in the proof of Theorem 6.1 in Section 6. In order to look for self-maps of the PLE
case, we have to examine the relation that joins the two possible values of n¯ for each value of n. It is
1
n¯1
+ 1
n¯2
= 2 − p
p
= 1 − m
m+ 1 . (3.3)
We deduce that 1/n¯1 < (2 −p)/p, i.e. the only case where the self-map could appear is for p < pc = 2n¯/(n¯+ 1). But
in this case, the correspondence of the dimensions is given only by:
n¯ = (n− 2)(m+ 1)
2m
,
which is obviously a bijection. Hence there are no interesting self-maps for the PLE.
Remarks. (i) In the limit case m = 1, we obtain a self-map for the heat equation, which makes physical sense in the
case n1 = 1, n2 = 3. In this case r1 = r2 and the correspondence between the radially symmetric solutions becomes:
u2(r, t) = 1
r
u1(r, t). (3.4)
This relation has also appeared in King’s [24]. The reader is asked to make a direct verification of this easy fact.
More generally, for m = 1, we obtain a correspondence between the heat equation in dimensions n¯ and n, where
n¯ = ±(n− 2), where the signs are such that n¯ > 0. Here r¯ = r and the relation between the radial solutions becomes:
u¯r (r, t) = ru(r, t). (3.5)
In Section 7 we will show how this correspondence acts on explicit examples of solutions;
(ii) By fixing n1 = 1 and an integer number n2 > 2 and trying to find an appropriate m in order to correspond n1
to n2, we find that m = (n2 − 2)/(4 − n2), which is nonpositive for n2  4. Hence, the unique self-map between two
integer dimensions is that of n1 = 1, n2 = 3 and m = 1, i.e. for the heat equation, and described in the first remark.
4. Phase-plane analysis of self-similar solutions
In this section we introduce the phase-planes associated to the self-similar solutions of the PME and of the PLE
and we prove Theorem 1.3.
4.1. Phase-plane for the PME
In the PME case, the phase-plane analysis is well known and described in detail in [33], Chapter 16, where ref-
erences are given. First, the relation between the similarity exponents α and β reads (m − 1)α + 2β = ε where
ε = +1,−1, or 0 depending on the type. Then, under the usual assumption of radial symmetry, the profile f must
satisfy the ODE,
η1−n
(
ηn−1|f |m−1f ′)′ + αf + βηf ′ = 0, (4.1)
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X = ηf ′/f, Y = η2|f |1−m. (4.2)
Note that Y is nonnegative even if the solution changes sign. After replacing the η variable by r = logη, the functions
X(r) and Y(r) satisfy the classic autonomous ODE system (see for example [33]):{
X˙ = (2 − n)X −mX2 − (α + βX)Y,
Y˙ = (2 + (1 −m)X)Y, (4.3)
where over-dot indicates differentiation with respect to r . We need to perform a further transformation of the variables,
in order to obtain an easier phase-plane. Assuming furthermore that m = mc := (n − 2)/n, we introduce a new pair
of variables:
Φ = (2 + (1 − m)X)/√|b|, Ψ = Y/|b|, (4.4)
where b = 2n(m−mc)/(m − 1) = 0. In these variables, the system becomes:{
Ψ˙ = ΨΦ,
Φ˙ = c1Φ2 − c2ΨΦ − c3Φ + εΨ + sgn(b), (4.5)
where we have replaced the r variable by r1 = √|b|r , so that over-dot indicates now differentiation with respect to r1.
Therefore, the system takes the desired quadratic form (4.5), with precise values for the constants given by:
c1 = m
m− 1 , c2 = β
√|b|, c3 = (n + 2)(m −ms)
(m− 1)√|b| , ms =
n − 2
n + 2 . (4.6)
With these values system (4.5) has free parameters m, n and β , since α can be calculated from them. The case m = mc
will be discussed below.
4.2. Phase-plane for the PLE
The transformations in the PLE case are more involved and we will describe them in detail. For simplicity, we will
skip in this subsection the notation with bar that we have adopted as a rule for the PLE case. First of all, the relation
between the similarity exponents α and β becomes (p− 2)α +pβ = ε. The radially symmetric profile f satisfies the
ODE:
η1−n
(
ηn−1|f ′|p−2f ′)′ + αf + βηf ′ = 0, (4.7)
where prime denotes differentiation with respect to η > 0. In a similar way as before, for p = 2 we introduce phase
plane variables, a bit different from the ones in the PME case:
X = −η2|f ′|1−pf ′, Z = ηγ f, where γ = p
2 − p . (4.8)
From (4.8) we obtain:
|f ′| = (η−2|X|) 12−p , f ′ = −η 2p−2 |X|− p−1p−2 X. (4.9)
This implies that
(
ηn−1|f ′|p−2f ′)′ = (−ηn+ pp−2 |X|− 2p−3p−2 X)′
= p − 1
p − 2η
n+ p
p−2 |X|− 2p−3p−2 X′ −
(
n+ p
p − 2
)
η
n+ 2
p−2 |X|− 2p−3p−2 X. (4.10)
If we substitute (4.8), (4.9) and (4.10) into (4.7), we get the autonomous ODE system:⎧⎨
⎩
p−1
2−p X˙ = −(n− γ )X + αZ|X|
3−2p
2−p − β|X|X,
˙ p−12−p
(4.11)Z = γZ − |X| X,
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system is not quadratic, so that we perform a further change with this objective in mind. We introduce the new variable
Y = |X| 1p−2 XZ = −η|f ′|−pf ′f and the flow equations become,{
X˙ = 2−p
p−1X(γ − n + αY − β|X|),
Y˙ = p−1
p−2 |X|
1
p−2 X′Z + |X| 1p−2 XZ′ = −αY 2 + nY + βY |X| − |X|, (4.12)
which is a quadratic system if X has a sign. For the next step, we set:
Ψ = a|X|, Φ = − p − 2
(p − 1)√|b|
(
γ − n+ αY − β|X|). (4.13)
If we substitute (4.13) in (4.12) we obtain in the first equation,
Ψ˙ =√|b|ΨΦ
and in the second equation,
Φ˙ =√|b|(c1Φ2 − c2ΨΦ − c3Φ + c4Ψ + c5),
where
c1 = p − 1
p − 2 , c2 =
β
(p − 1)a√b , c3 =
n − 2γ√|b| ,
c4 = (p − 2)(α − βγ )
(p − 1)a|b| , c5 =
(p − 2)(γ − n)γ
(p − 1)|b| .
Now, if we equalize c4 to ε and c5 to ±1 we obtain:
a = 1|b|(p − 1) , b =
p(n+ 1)(p − pc)
(p − 2)(p − 1) , where pc =
2n
n+ 1 ,
where we have used that γ = −p/(p − 2) and the relation between the exponents, (p − 2)α + pβ = ε. We remark
that in the case of solutions of type III, c4 = 0 and we can choose any number a. For convenience, we will use the
same value of a in this case. In order to continue, we need to assume that p = pc. After all these transformations, the
flow equations become exactly the desired (4.5) and the constants are now given by:
c1 = p − 1
p − 2 , c2 = β
√|b|, c3 = (n + 2)(p − ps)
(p − 2)√|b| , ps =
2n
n + 2 . (4.14)
This system has free parameters p, n and β , and p = 2 is excluded. We have replaced the r variable by r1 = √|b|r ,
so that over-dot indicates differentiation with respect to r1.
4.3. The critical cases, mc and pc
Some changes have to be made in these special cases m = mc for the PME or p = pc for the PLE, since our
definitions imply that b = 0. In these cases n > 2 and n¯ > 0 and b changes into √b = n− 2 for PME and √b = n for
PLE, so that c3 = −1 and the independent term sgn(b) disappears from the second equation of system (4.5), which
becomes: {
Ψ˙ = ΨΦ,
Φ˙ = c1Φ2 − c2ΨΦ +Φ + εΨ, (4.15)
with c1 and c2 as before. Summing up, our systems can differentiate between the three types of self-similarity through
only the value of the coefficient of Ψ .
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We want to find the correspondence between the parameters (m,n,β) of the PME and the parameters (p, n¯, β¯)
for the PLE so that the expressions of the coefficients of (4.5) and (4.15) are the same. From now on we will use the
notation with bar for the PLE case in all the rest of the text. We have to identify one by one the coefficients c1, c2 and c3
from the two systems. This is a straightforward calculation and, moreover, has been presented in great detail in [31].
Hence we will only reproduce here the final correspondence relations and some comments on them.
• By identifying c1, we obtain the usual and expected relation p = m+ 1.
• Then, we identify the coefficients c3 and we obtain:
(n + 2)(m −ms)
(m− 1)|b|1/2 =
(n¯+ 2)(p − ps)
(p − 2)|b¯|1/2 . (4.16)
Replacing b and b¯ by the explicit expressions given above and putting p = m+ 1, we deduce that
2m(mn − n + 2)(n¯(m− 1)+ 2(m+ 1))2 = (m+ 1)(n¯(m− 1)+ (m+ 1))(n(m− 1)+ 2(m+ 1))2,
which is a quadratic expression on n¯. Solving this equation, we obtain two possible branches of n¯ as a function of n:
n¯1 = (m+ 1)(n − 2)2m , n¯2 =
(m+ 1)(n − 2)
n− 2 −mn =
(m+ 1)(n − 2)
n(mc −m) , (4.17)
represented in Fig. 1. The two branches are different unless m = 1 (which is an exceptional case) or n = 2 (which
needs a separate consideration since n¯1 = n¯2 = 0 unless m = mc = 0). More precisely, from (4.17) we deduce that
the first value of n¯ is positive only for n > 2. The second value is positive only for n < 2 when m > mc , and is also
positive for n > 2 if m < mc. Apparently, in the case m < mc (where only n > 2 makes sense) we have two valid
different branches of our correspondence. But if we replace in the explicit expression of c¯3 the value of n¯2, we obtain:
c3 =
√
2
2
(mn + 2m− n + 2)sgn(m− 1)√|(m − 1)(mn − n+ 2)| , c¯3 =
√
2
2
(mn + 2m− n+ 2)sgn(m− 1)
(mn − n+ 2)√|(m − 1)/(mn − n+ 2)| .
We remark that c3 = −c¯3 in this case. This shows that in the case m < mc, n¯2 is not a solution of (4.16).
The appearance of this false solution is explained by the fact that taking squares in (4.16), we include the possibility
that c3 = −c¯3, as it happens here. Hence in all the cases, the correspondence n¯1 holds for n > 2 and the correspon-
dence n¯2 holds for n < 2 (in which case mc < 0 so that m > mc). That is why we will separate our analysis in two
different cases, one with n > 2 and another one with 0 < n < 2.
• We have to identify the coefficients c2. This implies that β|b|1/2 = β¯|b¯|1/2, hence
β2
β¯2
= (m− 1)p(n¯+ 1)(p − pc)
2n(m−mc)(p − 2)(p − 1) .
From here we deduce the correspondence of the exponents:
β¯1 = 2m
m+ 1β =
n− 2
n¯1
β, β¯2 = mn − n+ 2
m+ 1 β =
2 − n
n¯2
. (4.18)
We note that the first formula holds only for n > 2 and the second formula holds only for n < 2. We remark that
in both cases (n − 2)2β2 = n¯2β¯2. The same formulas (4.18), considering only the first equalities, hold also for
n = 2 and coincide.
• We still have to check that sgnb = sgn b¯. But this is true, since a straightforward calculation gives us that
b
b¯
=
⎧⎪⎪⎨
⎪⎪⎩
(mn − n+ 2)2
(m + 1)2 , if n < 2,
4m2
2 , if n > 2.(m + 1)
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since n¯ = 1 and β¯ = β . This corresponds to the well-known fact that if we differentiate the PLE in dimension 1
we obtain the PME. This ends the analysis of the map from the PME to the PLE.
Remarks. (i) In the analysis above we have worked only with m > 0. If we accept negative values of m, i.e. we
consider the case of very fast-diffusion, the things change a bit since the range is expanded. But we will no be
concerned in this paper with such case;
(ii) We can identify the critical cases m = mc in the PME and p = pc in the PLE. In that case, n¯ = n − 1 and
β¯ = β(n − 2)/(n − 1);
(iii) In some cases the space dimension does not change. Thus, for the second branch of Theorem 1.3 we have:
n¯2 − 1 = 2m(n − 1)
n − 2 − mn. (4.19)
In particular n = 1 implies n¯2 = 1, this is a case in which the transformation does not imply a change of dimension.
For the other branch we have:
n¯1 − n = (n+ 2)(ms −m)2m , (4.20)
so that dimension is preserved for m = ms .
5. Improved correspondence for self-similar solutions
The correspondence relations (1.4) and (1.6) have the following disadvantage in the applications: in order to obtain
an explicit solution of the PLE we have to integrate a solution of the PME multiplied by a weight, and this is not
always easy. In the particular case of the self-similar solutions, we will obtain other relations, expressing directly f¯
as a function of f and f ′. We exhibit all the correspondence relations between self-similar profiles in the next two
statements, where D1 and D2 are the same as in Theorems 1.1 and 1.2, and the dependence of α¯ on α, m and n is
given in Theorem 1.3.
Proposition 5.1. Suppose that 0 < n < 2 and α¯ = 0. Then the PLE and the PME profiles satisfy the following equali-
ties:
f¯ ′(η¯) = D1η 2n−2m+1 f (η), (5.1)
and
f¯ (η¯) = −mn − n+ 2
m+ 1 η
n−1 D1
α¯
(∣∣f (η)∣∣m−1f ′(η) + βηf (η)), (5.2)
where η¯ = η(mn−n+2)/(m+1), with the convention on ε made in the introduction.
Proposition 5.2. Suppose that 2 < n < ∞ and α¯ = 0. Then the PLE and the PME profiles satisfy the following
equalities:
f¯ ′(η¯) = D2η 2m+1 f (η), (5.3)
and
f¯ (η¯) = − 2m
m+ 1
D2
α¯
(
η
∣∣f (η)∣∣m−1f ′(η)+ βη2f (η)+ n− 2
m
∣∣f (η)∣∣m−1f (η)), (5.4)
where η¯ = η(2m)/(m+1).
Proof. We sketch the proofs of both proposition together, since the calculations are similar. First, we remark that
(5.1), (5.3) and the correspondence between η¯ and η are particular cases of (1.4), (1.6), resp. the relations between r¯
and r . Indeed, we substitute in (1.4) u and u¯ by their self-similar forms and we obtain:
t−α¯−β¯ f¯ ′(η¯) = D1t
2(n−1)
m+1 β−αη
2(n−1)
m+1 f (η).
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exponents of the part with time are the same in both sides, hence we remain with (5.1). A similar calculation show
that the same happens in the case n > 2 and for the other two types of self-similarity. We omit the details, since the
calculations are straightforward.
In order to derive the second relation, we introduce (5.1) in the first case, respectively (5.3) in the second case, into
the profile equation of the PLE (4.7). Suppose that 0 < n < 2. Then we have:
α¯f¯ (η¯) = −Dm1 ηn−1
m(m + 1)
mn − n + 2 |f |
m−1f ′ −D1β¯ηnf (η),
which transforms easily into (5.2) using the correspondence between exponents. In the same way we obtain (5.4), we
omit again the details. 
Remarks. (i) Due to the invariance of both equations under change of signs, we can also accept the opposite sign in
(5.1) and (5.3). We will use both variants in the sequel, without specifying it, assuming in these transformations the
sign which seems to be more convenient.
(ii) We can arrive to the same relations (5.1), (5.2), (5.3) and (5.4), by equating
Φ¯(η¯) = Φ(η), Ψ¯ (η¯) = Ψ (η),
in the phase-plane variables, using the definitions (4.4) in the PME case and (4.13) in the PLE case. The calculations
are larger in this way, but end with the same results.
The limit case α¯ = 0. We remark that (5.2) and (5.4) are valid for all the exponents α¯ = 0. The limit case α¯ = 0 is
interesting because it corresponds to solutions which keep the same “vertical size” in time. It has to be investigated
separately. We use directly the profile equation, which becomes:
η¯1−n¯
((∣∣f¯ ′(η¯)∣∣)p−2f¯ ′(η¯)η¯n¯−1)′ + 1
p
η¯f¯ ′(η¯) = 0. (5.5)
We put U(η¯) = f¯ ′(η¯) and we make the change of variables Z(η¯) = U(η¯)p−1η¯n¯−1. The equation of Z writes:
Z′(η¯)+ 1
p
η¯n¯−(n¯−1)/(p−1)Z(η¯)1/(p−1) = 0. (5.6)
This equation is very easy to integrate and we find:
U(η¯) = η¯(1−n¯)/(p−1)
(
C − p − 2
p(n¯(p − 2)+ p) η¯
(n¯(p−2)+p)/(p−1)
)1/(p−2)
+
, (5.7)
after coming back to the initial variables. This is the derivative of our solution, which exists for p = pc. We will
denote this special profile by F . It is easy to see, from the explicit expression of the derivative, that
f¯ (η¯) ∼ η¯(p−n¯)/(p−1),
near η¯ = 0, hence limη¯→0 F(η¯) = 0 for n¯ < p and it becomes singular at η¯ = 0 for n¯ > p. If p > pc, this solution has
a curious character, since it has no free boundary in the classical sense, but it stabilizes to a constant at the point where
its derivative has a free boundary. This free boundary disappears for p < pc. This solution has also been obtained
as an example by Bidaut-Véron [10]. On the other hand, a similar solution with α¯ = 0, but with p < 1 (case that
we do not consider in the present paper), is important in image contour enhancement, as proposed by Barenblatt and
Vázquez [7].
6. The slow-diffusion case
In this section we treat in more detail the case m > 1, resp. p > 2 and we obtain new self-similar solutions of the
PLE through the correspondence relations we have established.
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The relations between profiles will give us characterizations of the compactly supported self-similar solutions of
type I of the PLE, since the PME case is already well understood. For 0 < n < 2, a full analysis of self-similarity
has been done by Hulshof in [19]. In fact, the paper presents the complete classification only for n = 1, but the same
analysis can be done under conditions of radial symmetry for all n ∈ (0,2), without essential changes. In particular, in
these dimensions we have two explicit profiles, which are the Barenblatt profile, given by (1.8), and the dipole profile,
given by (1.12). Moreover, there is a sequence of exponents,
α1 = n
n(m− 1)+ 2 < α2 =
1
m
< α3 < · · · ↑ 1
m− 1 , (6.1)
such that there exist self-similar solutions with compact support if and only if α = αk for some positive integer k
(see [19] and [20]). The sequence αk will be called in the sequel the Hulshof sequence of exponents for the PME. In
order to make an easier identification, we will call the sequence α2k as the dipole sequence and the sequence α2k+1
as the Barenblatt sequence, after the name of the distinguished representative of each class. On the other hand, the
classification of self-similar solutions of the PME in dimension n > 2 is presented in [20] and it is very similar to
the one above, but the solutions corresponding to α with even index become singular at η = 0 (see for example the
explicit dipole solution (1.12)) and they are not considered as solutions of the PME in the whole space. But we will
still keep them in our analysis, though the functions u(x, t) they generate are singular at x = 0. We will say that a
profile f has a change of sign at η = 0 if f (0) = 0, f ′(0) = 0, and similarly for f¯ . Starting from this classification,
we will obtain a new Hulshof-type sequence of exponents and solutions for the PLE. A difference will appear between
the cases 0 < n¯ < p and n¯ p. The main result of this subsection is:
Theorem 6.1. Suppose p > 2.
(a) For any n¯ ∈ (0,p), there exists a sequence of exponents
α¯1 = n¯
n¯(p − 2)+ p < α¯2 < α¯3 < · · · ↑
1
p − 2 , (6.2)
such that the PLE in dimension n¯ has a compactly supported self-similar solution of type I if and only if α¯ = α¯k
for some positive integer k. Moreover, the solution corresponding to the exponent α¯k has exactly k − 1 changes of
sign. The profiles of solutions with α¯ = α¯k are symmetric for k odd and have a change of sign at 0 for k even. The
solution with α¯ = α¯2 plays the role of the dipole solution of the PME (but there is no simple algebraic expression
for it).
(b) For any n¯ ∈ [p,∞), the first of the above mentioned classes become singular solutions at η = 0, while the odd
terms α2k+1 correspond to even profiles with no singularity.
Proof. (a) Let us start with dimension 0 < n < 2 in the porous medium case. We translate the mentioned results
from [19] and [20] in terms of the p-Laplace equation, using the correspondences established before. Since we are
considering only dimensions 0 < n < 2, we are in the first case and we obtain all the values n¯ ∈ (0,p). In particular,
although in the porous medium case these dimensions have no physical sense except from n = 1, in the case of the
p-Laplace equation we get many integer dimensions.
Using (5.2), we remark that, except from the Barenblatt profile, which gives α¯ = 0, the other profiles obtained
for α = αk with k  2 in the porous medium case correspond to profiles with free boundary in the p-Laplace case.
Analyzing the Barenblatt profiles, the corresponding one in the p-Laplace case has as derivative:
f¯ ′(η¯) = η¯(1−n¯)/(p−1)
(
C − p − 2
p(n¯(p − 2)+ p) η¯
(n¯(p−2)+p)/(p−1)
)1/(p−2)
+
,
i.e., we find the special profile F . In the same way, by applying the correspondence (5.2) to the dipole solution of the
porous medium equation in dimension 0 < n < 2, we obtain the Barenblatt profile of the PLE. The correspondence
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we have to start from a dipole solution of the PME with free parameter,
C
(
m+ 1
mn− n+ 2
)(m+1)/m 1
(2m)1/m
.
Let us examine the general case. Suppose that we start from the solution of the PME with α = α2k+1, which has
the profile f with f (0) = C > 0, it is symmetric and has exactly 2k changes of sign. From (5.2) we deduce that the
corresponding profile f¯ in the p-Laplace case has free boundary and from (5.1) that it has 2k − 1 changes of sign.
Hence, it is a profile satisfying f (0) = 0. On the other hand, starting with a profile of dipole type, i.e. with α = α2k in
the PME case, we obtain a profile with has free boundary and has 2k − 2 changes of sign, using (5.1).
We have to analyze the behaviour at 0, using (5.2) and the local analysis results obtained in [19]. A profile f with
α = α2k has the property that
lim
η→0f (η) = 0, limη→0η
n−1(|f |m−1f )′(η) = C > 0,
as it results from Proposition 2.3 in [19] after performing straightforward changes. From (5.2) we obtain that
limη¯→0 f¯ (η¯) = C1 > 0, hence these are not solutions with change of sign at 0. In the other case, a profile with
α = α2k+1 satisfies f (0) = C > 0, f ′(0) = 0. For 0 < n < 1, it appears a singularity in (5.1) at 0, given by
η(2n−2)/(m+1). But for any n ∈ (0,1), this singularity is integrable, and f¯ (0) = 0. This shows that for n¯ ∈ (0,p),
the dipole-type solutions are real solutions, i.e. nonsingular in the origin.
If we define:
α¯2k = (mn − n + 2)α2k+1 − n2 , (6.3)
we obtain the desired sequence of exponents from (6.2). The description above together with the uniqueness in the
case of the PME implies that these are all the profiles obtained from the PME in the case 0 < n < 2. Moreover, the
sequence (α¯k)k1 is increasing. Since αk → 1m−1 in the PME case, (6.3) implies that limk→∞ α¯k = 1p−2 . On the other
hand, we can obtain all the dimensions in the range n¯ ∈ (0,p) also from the dimensions 2 < n < 2(m+ 1) in the PME
case, using in this case the other correspondence for the dimensions. In this range, the corresponding formulas for the
profiles are (5.3) and (5.4). This implies a correspondence between the Barenblatt profiles of the PLE and PME at a
qualitative level, but again with a change of free parameter; indeed, in order to obtain a Barenblatt profile of the PLE
with constant C > 0, we have to start with a Barenblatt profile of the PME with free parameter:
Cβ−1/m m+ 1
2(n(m − 1)+ 2)
(
m+ 1
2m
)1/m
. (6.4)
If we start with the profile having α = α2k+1 in the PME case, which is symmetric and has f (0) = C > 0 and
f ′(0) = 0, using (5.4), we deduce that
f¯ (0) = 2(n− 2)
m(m+ 1)
D
α¯
Cm > 0,
hence it is also a symmetric profile (without change of sign in the origin). This is due to the appearance of the term
((n− 2)/m)|f |m−1f in the formula for this range of dimensions. Here α¯ = mα − 1. On the other hand, starting from
the profile in (1.12), we obtain in this case the special profile F with α¯ = 0. This is not only a coincidence.
This is a particular effect of the self-map of the PME described in Section 3. We remark that in n = 2 we have a
coincidence of the exponents: α2k = α2k−1 and of the corresponding profiles of the PME (in particular the dipole and
the Barenblatt profiles coincide, see (1.8) and (1.12)). For n > 2, the dipole series passes above the Barenblatt series;
at the same time the dipole series does not produce real solutions anymore (the profiles become singular at 0), but it
still exist. In general, if we fix η¯ and the PLE profile f¯ and we denote by ηi and fi the independent variables and the
PME profile in dimension ni , i = 1,2, where 0 < n1 < 2, 2 < n2 < 2(m+ 1), we obtain:
η2 = η
mn1−n1+2
2m
1 ,
and
f2(η2) = D1 η
2n1−2
m+1
1 η
− 2
m+1
2 f1(η1) =
D1
η
n1−2
m
1 f1(η1).D2 D2
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fies the self-map of the PME studied in Section 3: the Barenblatt series in dimension n2 with 2 < n2 < 2(m + 1)
corresponds by this self-map to the dipole series in dimension n1 = 2(2m+1−n2)mn2−n2+1 < 2, and the (virtual) dipole series in
dimension n2 corresponds to the Barenblatt series in dimension n1.
We also remark that through the transformations of dimensions, from the dimensions n1 and n2 we obtain the same
dimension n¯ in the PLE case. Hence the two-sided correspondence gives nothing new: the dipole series in the PLE
comes from the Barenblatt series of the PME in dimension 0 < n1 < 2 (except from the first representant, giving the
special profile F ) and from the dipole series of the PME in dimension n2. The Barenblatt series of the PLE comes
from the dipole series of the PME in dimension n1 and from the Barenblatt series of the PLE in dimension n2. Using
the formulas (5.2) and (5.4) and the fact that the dipole profiles in the PME case behaves like η(2−n)/m near 0, it is
easy to remark that the dipole series contains real (i.e. nonsingular at 0) solutions for 0 < n¯ < p and singular solutions
for n¯ p.
We still have to prove the uniqueness of such solutions. Suppose that we have a self-similar solution of the PLE
with another exponent α¯ = α¯k . Then, by reversing the transformations we have done, we obtain a solution of the PME
with the profile:
f (η) = − 1
D1
f¯ ′(η¯)η
2−2n
m+1 , (6.5)
in the case n < 2, or
f (η) = − 1
D2
f¯ ′(η¯)η−
2
m+1 (6.6)
if n > 2. Since, from (5.2) and (5.4), the flux condition (f m)′ = 0 at the free-boundary point is accomplished, this
profile comes from a compactly supported self-similar solution of the PME having another exponent than those in the
sequence (αk)k1. But this is a contradiction with the uniqueness in the PME case, proved in [19] and [20]. This ends
the proof of part (a).
(b) This is now easy, taking into account the analysis made before. If n¯ p, it may come only from n 2(m + 1)
in the PME. In this case, the Barenblatt series of the PME transform into the Barenblatt series of the PLE, as before,
and the dipole series of the PME transform into the dipole series of the PLE. But we remark that for n > 2(m + 1),
the term βη2|f | from Eq. (5.4) behaves near 0 like η(2(m+1)−n)/m, hence it becomes singular. The only real solutions
are that of the Barenblatt series in this case. The uniqueness part is treated in the same way as in part (a). 
As an interesting application, the dipole solutions of the PLE introduced above represents the asymptotic profiles
of the general solutions of the PLE in a domain with holes in dimensions n¯ < p, see [21].
We indicate in Tables 1, 2 how the Barenblatt solutions of the two equations change. The first table contains
the solutions of the PLE corresponding to the Barenblatt solution of the PME in dimension n. As we state in the
introduction, we do not consider the case n = 2, n¯ = 0.
Table 2 contains the solutions of the PME corresponding to the Barenblatt solution of the PLE in dimension n¯.
Table 1
Correspondence Barenblatt PME → solutions PLE
n n¯ Solution PLE
0 < n < 2 0 < n¯ < p Special solution F with α¯ = 0
2 < n < ∞ 0 < n¯ < ∞ Barenblatt PLE
Table 2
Correspondence Barenblatt PLE → solutions PME
n¯ n Solution PME
n¯ p n 2(m+ 1) Barenblatt PME
0 < n¯ < p 0 < n1 < 2 Dipole PME
0 < n¯ < p 0 < n2 < 2(m+ 1) Barenblatt PME
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k¯j = α¯j
β¯j
. (6.7)
Since (p − 2)α¯j + pβ¯j = 1, it follows that
β¯j = 1
(p − 2)k¯j + p
, α¯j = k¯j
(p − 2)k¯j + p
. (6.8)
Hence, we can establish a correspondence between the eigenvalues of the PME and of the PLE. For 0 < n < 2,
we have:
k¯j = (m+ 1)((mn − n + 2)αj − n)2(mn− n+ 2)βj ,
and we have to take into account that
αj = kj
kj (m− 1)+ 2 , βj =
1
(m− 1)kj + 2 .
In the case n > 2, the correspondence is:
k¯j = (mαj − 1)(m+ 1)2mβj .
We replace in the expressions of k¯j the values of αj and βj and we obtain:
k¯j = (kj − n)(m + 1)
mn − n+ 2 , k¯j =
(kj − 2)(m+ 1)
2m
(6.9)
in the cases 0 < n < 2 and n > 2 respectively. We remark that in the first case, from k1 = n we obtain k¯1 = 0,
corresponding to the solution with the special profile F . From k2 = 2 (which corresponds to the dipole case in the
PME), we obtain k¯2 = n¯, which is the eigenvalue for the Barenblatt orbit in the PLE. In the case n > 2, from k1 = n,
we obtain k¯1 = n¯, which also confirms the correspondence of solutions established in the proof of Theorem 6.1.
6.2. Self-similar solutions of type II
We are concerned in this part with the focusing self-similar solutions, studied by Aronson and Graveleau [2] for
the PME case and in Gil and Vázquez [15] for the PLE. In [2], the authors prove that there exists a family of self-
similar solutions of the focusing problem for the PME. These are solutions of type II which are positive in an interval
(r(t),∞) with r(t) → 0 in some finite time T > 0. These solutions exist for some particular values of the exponent β
(that we denote by β0) such that
1 + (m− 1)(n − 2)
(m− 1)(n+ 2)+ 4 < −
1
β0
< 2.
We want to translate this into the PLE case with p = m + 1. It suffices to consider the case n > 2 in the PME which
covers all possible n¯ > 0. Since −1/β0 < 2, using (4.18) it follows that
− 1
β¯0
= −m+ 1
2mβ0
<
p
p − 1 . (6.10)
On the other hand, using (4.17) and (4.18), we obtain in the PLE case that
1 + (p − 2)(n¯ − p)+
(p − 1)(n¯(p − 2)+ 2p) −
1
β¯0
. (6.11)
The estimates (6.10) and (6.11) together form precisely the result obtained in [15] for the focusing self-similar solu-
tions of the PLE. The correspondence of the profiles is the same as above.
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particular k¯3 has the following properties: k¯3 > 2 and k¯3 → 3 as p → ∞. This follows from the results about k3 in [9].
(ii) For any eigenvalue kj , there exists an entire orbit of self-similar solutions of the PME, which can be obtained
from a particular one by rescaling: fλ(η) = λ−2f (λm−1η). The same is valid in the PLE case: it is easy to see that the
rescaling,
f¯λ(η¯) = λ−pf¯
(
λp−2(η¯)
)
,
produces self-similar profiles with the same eigenvalue (in fact with the same exponents). The equivalence of the
phase-planes grants the uniqueness (i.e. the fact that there are no other profiles in the orbit).
7. Two limit cases: heat equation and eikonal equation
In this section we treat the limit cases obtained when m → 1 and p → 2. Depending on the manner in which
we pass to the limit, there are two possible limit equations: the heat equation and the eikonal equation. Many of the
calculations will be formal, but their are rigorously true in the explicit cases.
7.1. The heat equation as a limit case
The general transformations were already presented at the end of Section 3. In dimension n > 2, by particularizing
the general relations to self-similar solutions (and choosing the minus sign for convenience), we obtain:
f¯ ′(η¯) = −ηf (η), η¯ = η, (7.1)
which is the usual equation satisfied by the exponential profiles which are solutions of the heat equation. This is true
for example if one starts with the Barenblatt profile (1.10) with C = 1 and correspondingly with the profile (1.8) with
the free parameter C given by (6.4) and pass to the limit. With these constants, the limit process can be done and we
obtain from the PLE solution the well-known Gaussian profile,
f (η) = f¯ (η¯) = e− η
2
4 ,
and from the corresponding PME profile the same Gaussian profile, but divided by 2. The equality (7.1) is obviously
verified in this case. We can say, together with the equality of the coefficients in Section 4 and with the convention that
we can set multiplicative constants to 1 (since the equation is linear), that in the limit we obtain the identity map in
dimension n > 2. In dimension n < 2, by translating again the general radial correspondences in terms of self-similar
profiles, we have:
f¯ (η¯)′ = −f (η)ηn−1, η¯ = η, (7.2)
which implies in the limit that the Gaussian profile corresponds to another solution. For example, in dimension n = 1,
passing to the limit in (1.12) with C = 1, we obtain a dipole-type profile for the heat equation:
f (η) = Kηe− η
2
4 , (7.3)
which corresponds to the Gaussian map through (7.2). Hence in this case, the limit transform is not an identity, as
expected, but it transforms solutions of the heat equation into different solutions of the heat equation.
7.2. The eikonal equation as a limit case
This comes from a different way of passing to the limit, that we will describe in the next lines. We pass to the
so-called pressure variables in both equations (see [32]):
v(x, t) = 1
m− 1
∣∣u(x, t)∣∣m−1, v¯(x, t) = p − 1
p − 2
∣∣u¯(x, t)∣∣ p−2p−1 , (7.4)
and the equations that satisfy v and v¯ are,
vt = (m− 1)vv + |∇v|2, v¯t = p − 2 v¯pv¯ + |∇v¯|p . . . (7.5)
p − 1
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vt = |∇v|2, (7.6)
which is the eikonal equation, arising in geometrical optics. The limit process is presented rigorously by Aronson and
Vázquez [4], see also [26]. We pass to radial variables and obtain the explicit correspondence in the limit. All the
calculations above will be formal in general and will be rigorously true in the regions where u, u¯ = 0. For n < 2, from
(1.4), we have:
|u¯′|m−1
m− 1 =
(mn − n+ 2)2
m(m+ 1)2 r
2(n−1)(m−1)
m+1 |u|m−1
m− 1 . (7.7)
Since v¯ = p−1
p−2 |u¯|
p−2
p−1 , it follows that
|u¯′|p−2
p − 2 =
|v¯′|p−2
p − 2 |u¯|
p−2
p−1 = |v¯
′|p−2
p − 1 v¯. (7.8)
Taking into account that p = m + 1 and letting m → 1 and p → 2 in (7.7) and (7.8), we obtain in the (formal) limit
that v¯ = v. For n > 2, we perform a similar calculation, starting from (1.6), which becomes:
|u¯′|m−1
m− 1 =
(2m)2
m(m+ 1)2 r
2(m−1)
m+1 |u|m−1
m− 1 . (7.9)
Using again (7.8), taking into account that p = m + 1 and letting m → 1 and p → 2 in (7.8) and (7.9), we obtain in
the (formal) limit that v¯ = v. Hence the correspondence of PLE and PME transforms into identity at this formal level,
in the whole range of dimensions.
We study the effect of our correspondence relations on self-similar solutions. If we pass to the limit as m → 1 in
the pressure functions obtained from the Barenblatt solution (1.8) and the dipole (1.12), we obtain the same explicit
family of Oleinik profiles (C − |x|2/4t)+ of the eikonal equation. The same happens with the two explicit profiles we
have for the PLE, i.e. the special profile F with F ′ = U in (5.7) and the Barenblatt solution (1.10).
If we look for self-similar solutions of type I for the eikonal equation (where we put g instead of f to avoid
confusions), we obtain that the exponents satisfy α + 2β = 1 and the profile equation is:
g′(η)2 + αg(η)+ βηg′(η) = 0. (7.10)
Since (m− 1)α + 2β = 1 in the PME case and (p − 2)α¯ +pβ¯ = 1 in the PLE case, passing to the limit as m → 1 and
p → 2, we always obtain that β, β¯ → 12 . Passing also to the limit in the expression of the pressure functions obtained
from solutions of the form (1.13), we obtain that α, α¯ → 0. By inserting this in (7.10) and integrate, we easily deduce
that all the compactly supported self-similar solutions of type I of the PME and PLE converge to the same family of
profiles (C − |x|2/4t)+, with C > 0. Summing up, the different behaviour of the self-similar solutions in this limit
case with respect to the previous one (the heat equation) comes from the fact that the critical powers 1/(m − 1) and
(p − 1)/(p − 2) in the profiles disappear.
8. The fast-diffusion case
The important difference between the fast-diffusion case (i.e., m < 1 in the PME and p < 2 in the PLE) and the
classical slow-diffusion case is that the degeneracy of the equation appears not for u = 0 (resp. ∇u = 0), but as it goes
to infinity, while at zero the equation becomes singular. The main consequence of this difference is that in the fast-
diffusion case there are no nontrivial compactly supported self-similar solutions, and we have to classify solutions by
their decay rate near infinity. That is why we will speak in this case about optimal decay at infinity instead of compact
support.
8.1. Self-similar solutions of type I
We classify in this subsection the self-similar solutions of type I for the PLE with pc < p < 2. As we have already
said, the relation between the exponents is:
(1 − m)α + 1 = 2β, (2 − p)α¯ + 1 = pβ¯. (8.1)
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Notation: we say that a profile f¯ has a decay rate at infinity like η¯−l , where l > 0, if η¯l f¯ (η¯) → C as |η¯| → ∞,
where C denotes a nonzero constant. We will write f¯ ≈ η¯−l .
Theorem 8.1. The maximal possible decay rate of the profiles of self-similar solutions of the PLE is η¯p/(p−2). We will
say that a profile has optimal decay at infinity if it decays like this precise power of η¯.
(a) Suppose that 0 < n¯ < p. Then there exists a sequence of numbers:
0 = k¯0 < n¯ = k¯1 < k¯2 < · · · < p2 − p , (8.2)
such that there exists a self-similar solution of the PLE whose profile has optimal decay at infinity in the
above sense and such that it corresponds to a solution with α¯/β¯ = k if and only if k¯ = k¯j for some integer j .
We will again call k¯j the nonlinear eigenvalues. The profiles corresponding to eigenvalues with even index satisfy
f (0) = 0 and the profiles corresponding to eigenvalues with odd index satisfy f (0) > 0, f ′(0) = 0.
(b) Suppose p  n¯ < p2−p . Then the result is similar as in part (a), except from the fact that there are no solutions
with profiles satisfying f (0) = 0 and having optimal decay.
(c) If n¯ p2−p there are no self-similar solutions of type I with optimal decay.
Proof. We translate to PLE the similar result about the PME from [9]. There, the analysis is done only in the case
n = 1, but it can be done with minor changes for 0 < n < 2/(1 − m). In this paper it is proved that there exists a
sequence of eigenvalues (kj )j1 such that there are profiles with optimal decay 2/(1 − m) if and only if k = kj ,
where k = α/β . Let us prove first that the optimal decay is p/(2 − p) for the PLE. In the fast diffusion case, we still
can define the two explicit profiles of solutions of the PLE, the special profile F whose derivative has the expression
(5.7), and the Barenblatt profile (1.10). From the explicit expression, it is obvious that the Barenblatt profile decays
like η¯p/(p−2). On the other hand, from (5.7), we remark that
F ′(η¯) ≈ η¯2/(p−2),
hence the special solution F decays also like η¯p/(p−2). Suppose there exists a self-similar solution of the PLE whose
profile satisfies f¯ (η¯) ≈ η¯−l , with l > p/(2 −p). Then, from (5.1) or (5.3), we obtain that the corresponding profile in
the PME case satisfies,
f (η) = −Cη− 2n−2m+1 f¯ ′(η¯) ≈ η− 2n−2m+1 η¯−l−1 = η− 2n−2m+1 +(−l−1) mn−n+2m+1 ,
in the case 0 < n < 2, or
f (η) = −Cη− 2m+1 f¯ ′(η¯) ≈ η− 2m+1 η¯−l−1 = η− 2m+1 +(−l−1) 2mm+1 ,
in the case n > 2. Since −l − 1 < 2/(p − 2) = 2/(m − 1), we obtain that in both cases the profile f (η) has a better
decay than η2/(m−1), which is not possible, since it contradicts the result in [9]. Hence the decay like ηp/(p−2) is
optimal.
To prove part (a), we use the similar result in [9] and we translate it into the PLE. From the first part of the proof,
we already know that optimal decay in the PME case transforms into optimal decay in the PLE case. The relation
between the eigenvalues is again (6.9) and if we take a profile f with optimal decay in the PME case corresponding to
the eigenvalue kj , it changes into a profile f¯ with optimal decay in the PLE case corresponding to k¯j−1. We omit the
details, since there are very similar to those of the proof of Theorem 6.1. The uniqueness is also immediate, and part
(b) follows from the same discussion about the existence of dipole as above. For part (c), it is enough to remark that
the Barenblatt exponents become negative (hence all the exponents associated to the other solutions from our series),
hence there is no solution in the sense we look for. 
Remark. Part (c) of Theorem 8.1 contains as a particular case the well-known fact that for n > p/(2 − p), i.e.
p < pc = 2n/(n+1), there are no Barenblatt solutions. In fact, we have no type I solutions with nonnegative exponents
in this subcritical case.
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We insert here a short discussion on solutions of type III, since it holds for the critical cases m = mc and p = pc .
As their general formula shows, these solutions are eternal, i.e., they live for −∞ < t < ∞ and having an exponential
decay in time. There is an important explicit example of this type, appearing in the critical fast-diffusion case of the
PME, i.e. for m = mc (see [34]). We set:
u(x, t) = 1
(a|x|2 +Ce2nat )n/2 ,
with free parameters a, C > 0. It can be easily seen that this solution can be written as
u(x, t) = e−nβtf (xe−βt ), β = na, f (η) = (C + aη2)−n/2. (8.3)
Having the same ratio n between the exponents α and β and a similar profile, this solution can be considered as an
extension of the Barenblatt solutions into the critical case m = mc . Since we are in the critical case, necessarily n > 2.
By applying the transforms in Theorem 5.2 to this solution, we obtain a corresponding solution in the PLE case for
p = pc, having the profile and exponents:
f¯ (η¯) = (C + aη¯p/(p−1))−(n¯−1)/2, β¯ = a n¯2 − 1
n¯
, (8.4)
and α¯ = n¯β¯ , following from the relations between the eigenvalues stated at the end of Section 6. In a more explicit
form, we have:
u¯(x, t) = 1
(a|x|p/(p−1) +Ce2n¯β¯t/(n¯−1))(n¯−1)/2 .
In this way, we obtain a new self-similar solution of type III in the critical case p = pc of the PLE, which can be also
seen as an extension into this case of the PLE Barenblatt solutions.
8.3. Self-similar solutions of type II
The existence of this type of solutions is a much investigated subject in the case of subcritical fast diffusion. The
existence of this type of solutions with special properties was formally discussed by King in [23] and a rigorous
analysis was performed by Peletier and Zhang in [28], and continued in [34]. They belong to the class containing
so-called anomalous exponents, since they are not calculated a priori from dimensional considerations but are the
result of a phase-plane analysis. For more details about anomalous exponents the reader is referred to [6] and [3].
In all this subsection, we will work only in the cases m < mc and p < pc, and implicitly n > 2. The simplest
solutions are those of separate variables. In the PME case, such solutions appear in the book [34], Chapter 5, and have
the exact expression:
U(x, t;T ) = cm
(
T − t
|x|2
)1/(1−m)
, c1−mm = 2
(
n − 2
1 −m
)
, (8.5)
with T > 0 arbitrary. It is easy to see that c1−mm = k−1, where k is the constant appearing in the expression of the
Barenblatt solution (1.8). This solution is the closest relative in the subcritical range of the Barenblatt solutions of the
range m > mc . Using the correspondence formulas, we derive new solutions of the PLE having a similar expression:
u¯(r¯, t) = cp(T − t)
1
2−p
(
1
r¯p/(p−1)
) p−1
2−p
, c
2−p
p−1
p = p2 − p
(−n¯(p − 2)− p) 1p−1 . (8.6)
We remark that, similarly, c(2−p)/(p−1)p = k−1, with k given in (1.11); we can also say that this solution is the closest
relative of the Barenblatt solutions of the PLE. In both the PME and the PLE case, these solutions are singular at
x = 0.
There exist other interesting self-similar solutions of the PLE in the range p < pc. Using the results in the PME
case and our correspondence relations, we prove:
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of the form:
u¯(x, t) = (T − t)α¯0 f¯ (x(T − t)β¯0), (8.7)
with
α¯0 = γ¯
γ¯ (2 − p)− p , β¯0 =
1
γ¯ (2 − p)− p , (8.8)
that we will call as anomalous exponents in the sequel, such that the profile f¯ is bounded and has a decay at infinity
like η¯−(n¯−p)/(p−1).
Proof. We start from the similar result about the existence of the anomalous exponents in the PME case, see [34],
Theorem 7.1, or [28]. We use the relations between exponents and profiles. Since m < mc in the PME case, we are
only in dimension n > 2. In the PME case, it is well known that there exists a special type II solution with anomalous
exponents α0 and β0 and with decay at infinity like η−(n−2)/m. Let f be the profile of this solution. By (5.3), there
exists a corresponding profile in the PLE case, given by:
f¯ ′ = −D2η 2m+1 f (η) ≈ η¯ 1m η− n−2m = η¯
1
p−1 − n¯m = η¯− n¯−1p−1 ,
hence the decay of f¯ at infinity is like η¯(p−n¯)/(p−1). Since m < mc, it follows that n > 2/(1 − m), hence
n¯ > m+ 1 = p. Then the rate we have obtained is negative and represents a real decay, as desired. From the rela-
tions between exponents, we have:
β¯0(p) = 2m
m+ 1β0(m) =
2(p − 1)
p
β0(p − 1),
α¯0(p) = 1 + 2mβ0(m)1 −m =
1 + 2(p − 1)β0(p − 1)
2 − p , (8.9)
where we have emphasized the dependence of α0 and β0 on m or p. For every p ∈ (1,pc), from the correspondences
we deduce that there exists a m ∈ (0,mc) corresponding to it. In this way we cover all the range of possible values
of p. Finally, the uniqueness follows in a standard way from that of the special solution in the PME case. 
Let us now discuss in more detail the Yamabe case, i.e. m = ms in the PME case and p = ps in the PLE case. It
is easy to see that in this case we have n¯ = n and it is the unique fixed point of the correspondence of dimensions for
n > 2. In this case, it is well known (see [34]) that β0 = 0 and α0 = 1/(1 − m) = (n + 2)/4. This permits an easy
integration of the equation of the profiles and obtain the explicit Loewner–Nirenberg profile:
f (η;C) =
(
C + η
2
4nC
)− n+22
, (8.10)
which has been discovered in [27] and plays an important role in differential geometry. Using (5.4) and the correspon-
dence of exponents, we obtain a new explicit profile for the PLE with p = ps , in dimension n (the same):
f¯ (η¯;C) = 4n
n+ 2
(
4n3C
n2 − 4
) n−2
4 (
1 +Cη¯ 2nn−2 )− n2 , (8.11)
having as exponents β¯0 = 0, α¯0 = 1/(2 − p) and C > 0 arbitrary. On the other hand, in this case we still have the
separate variable solutions indicated in (8.6), whose profile particularizes into
f¯ (η¯) = 2n
n/2
(n + 2)(n+2)/4 η¯
−n/2. (8.12)
We remark that, as in the PME case analyzed in [34], the Loewner–Nirenberg profile has a better decay rate than the
singular solution (8.12). We illustrate in Fig. 2 the profiles of two solutions of the PLE in the case p = ps , where the
abbreviation LN indicates the profile in (8.11) and EB indicates the one from (8.12).
We end this section with some properties of the anomalous exponents α¯0(p) and β¯0(p).
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Theorem 8.3. The anomalous exponents α¯0 and β¯0 are both analytic functions of p. We have:
lim
p→1 α¯0 = 1, limp→1 β¯0 = 0, limp→pc α¯0 = ∞, limp→pc β¯0 = ∞. (8.13)
Moreover, α¯0 is an increasing function of p, but β¯0 is not increasing.
Proof. The analiticity follows easily from Theorem 7.2 in [34] and (8.9). To obtain the limits in 1, we use an estimate
from [10], stating that the following inequality holds:
δ + δ(n¯ − δ)
(p − 1)(2δ − n¯) <
α¯0
β¯0
< min
(
− p
p − 1 , δ +
δ(n¯− δ)
(p − 1)(2δ − n¯− 2√(n¯− δ)p/(p − 1))
)
< 0,
where p < ps and δ = p/(2 − p). Passing to the limit in this inequality, we obtain that for p very close to 1 holds
true:
−K1(p)
p − 1 
α¯0
β¯0
−K2(p)
p − 1 , (8.14)
where
lim
p→1K1(p) =
n¯ − 1
n¯ − 2 , limp→1K2(p) = 1,
and we deduce that the anomalous eigenvalue γ¯0 = α¯0/β¯0 tends to −∞ as p → 1. On the other hand, using the
relation between the exponents (2 − p)α¯0 = 1 + pβ¯0, we obtain easily from (8.14) that β¯0 → 0 as p → 1. The limit
of α¯0 is now trivial. Since p < pc, it corresponds m < mc , hence we are only in dimensions n > 2 in the PME case.
The relation between exponents is in this case:
α¯0 = mα0 + 1, β¯0 = 2m
m+ 1β0, (8.15)
independently on the value of n. From the results in the PME case (Theorem 7.2 in [34]), we obtain the infinite limits
of α¯0 and β¯0, as stated. Moreover, since α0 > 0 and it is an increasing function of m, it follows that α¯0 is an increasing
function of p. On the other hand, there is no global monotonicity of β¯0, since we have β¯0 = 0 in p = ps (which
corresponds to the Yamabe case presented above) and limp→1 β¯0 = 0. 
Remark. Only the existence of solutions of both type I and type II in the fast diffusion case appears in [10].
Comments on the variation of β¯0. We are not able to establish the number of minima and maxima of the anomalous
curve β¯0 in the range p ∈ (1,ps). The numerical experiments presented below (see Fig. 3) suggest that there is a
unique minimum point. In order to look for these points, one has to differentiate with respect to m in the second
equation of (8.15) and obtain:
−m(m+ 1)β ′ (m) = β0(m), (8.16)0
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at all the points m = p − 1 ∈ (0,ms) that are critical for β¯0.
Conjecture. The function β0(m) of the PME case is a convex function of m. If the conjecture were true, then β ′0(m)
would be a positive and increasing function of m, hence the left-hand side of (8.16) would be decreasing. But it is well-
known (see [34]) that β0 is an increasing function of m. Hence, Eq. (8.16) will have a unique solution m∗ ∈ (0,mc),
and p∗ = 1+m∗ ∈ (1,pc) will be the unique minimum point of β¯0, as the numerical experiments indicate (see Fig. 3).
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